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REMARKS ON GRAVITY AND QUANTUM GEOMETRY 

ROBERT CARROLL 
UNIVERSITY OF ILLINOIS, URBANA, IL 61801 

Abstract. Some relations between conformal relativity and Weyl- 
Dirac theory are rephrased and clarified. 

o 

1. BACKGROUND 

"^n [ In recent times, stimulated by seminal paper of E. Verlinde [60], there has 

CN ' been a deluge of material about entropy and gravity (we refer to Padman- 

abhan [42 \ |4UJ |4"4"] for background and some references to the new material 

r £^ \ along with some striking new results on equipartition) . The strong con- 

C^c nections of thermodynamics, entropy, and gravity have been in the air for 

^ r~| some time, going back to Beckenstein, Jacobson, and Padmanabhan (cf. 

[6j [30j |4"2] ) and to others too numerous to name. It is also well known that 
quantum mechanics is related to entropy (and information theory) and we 
cite here only a recent paper by Caticha [22] which summarizes much re- 
search in this connection (going back to Nagasawa, Nelson, and Smolin 
among many others - see e.g. [36l EH [57]). In [I2l HH HH [ill Ull H3 [H] 

tj- | we have also described connections between quantum mechanics, Weyl ge- 

ometry, and Weyl-Dirac quantum theory following [II l3l III \5\ 18} l20 l I2T1 l24j 
E71 Ell [29l Ell ESI EH [531 EH ESI [63] (note that publication information can 
often be found on the electronic bulletin board entries which we often use 

f~^ ■ in our referencing). The key idea here, going back at least to Audretsch 

f^*) | et al and Santamato, is that quantum mechanics is naturally associated 

with a Weyl geometry, and hence to gravitational ideas. Another mani- 
festation of gravity-quantum connections appears in papers of Mannheim 
and Bender (see e.g. [3 El]) where one refers e.g. to intrinsically quantum 
mechanical gravity. This background of quantum mechanics in geometry 
(or gravity) says nothing about "quantum gravity" , as one imagines might 
be built up in various manners (see e.g. [3T1 1321 1551 I4T1 1501 1581 IBTl [62] ). 
Rather the general motivating idea seems to be in the spirit of accepting a 
universe guided by information theory plus some ingredients (space, time, 
matter) and describing how everything fits together. Never mind trying 
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to build a universe from scratch. Of course this encompasses also trying 
to understand the microstructure of spacetime, the cosmological constant, 
and other matters. 

2. WEYL DIRAC THEORY 

We review first two derivations of Dirac-Weyl theory following [27] . The 
first follows Dirac in avoiding Proca terms and the second involves inte- 
grable Weyl geometry. Thus let ds 2 = g a t,dx a dx b be based on a Riemannian 
metric g a \, with Levi-Civita connection coefficients (Christoffel symbols) 

(2-1) Y\ v = l -g x ° (d u9fia + d„g va - d a9liv ) 

Recall also that a comma (, n) denotes d n and a semicolon (;n) denotes a 
covariant derivative V n so that 

(2.2) B£ = V„B» = d v B» + BT&,; B K „ = V„B^ = 8 U B^ - B a TJ lu 

If a vector is parallel transported x u to x u +dx u one has via (2.2) (2A) dB = 
where B = {g fW B^B v ) x / 2 and one checks that (2B) X7g^ = = Vg^. 
The (Riemann-Christoffel) curvature tensor is 

and if e.g. B^ is parallel transported around an infinitesimal closed parallel- 
ogram the total change is (2C) AB X = B a R^ ilv dx il bx v (whereas AB = 0). 

Now for Weyl geometry both the length and direction of a vector change 
under parallel transport and one has a (symmetric) Weyl connection T x = 
f ^ with e.g. 

(2.4) dB^ = -B a f% u dx u ; dB = Bw u dx u 

where w u is called a Weyl vector. In order to be compatible with the a 
given metric g a b one must have now 

(2-5) f *„ = T^ + g liU w x - 5lw^ - 5^w u 

In particular (denoting Weyl covariant derivatives via a colon (:) (as well as 
a hat) it follows that (2D) g^ x = Vxg^ = -2g» v w\. One assumes f*, = 
f^ and formulas analogous to (2.2) hold for r*„. Now however parallel 
transport around an infinitesimal closed parallelogram yields (2E) AB = 
BW^dx^Sx" where (2F) W^ v = d u w^ — d^w u . In case w\ = d\cj> one has 
an integrable Weyl geometry with W^ v = and AB = 0. 

Let now a vector of length B transported around a closed loop to achieve 
a new length (2G) B new = B + j s BW^dS^ with S the area enclosed by 
the loop and dS^ u an area element. In this connection one considers local 
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B = exp(X)B where \(x u ) 



r v 



e~ 2X g^ 



Weyl gauge transformations (WGT) (2H) B 
is a differentiable function leading to 

(2.6) g^ -»■ g^ = e 2X g^; g* 

This is all compatible with Weyl gauge transformations, namely (21) w u —> 
w v = w u + d u \ and a Weyl weight (or power) n = IL(ip) is defined for quan- 
tities transforming via (23) ip — ► if) = exp(n\)ip (cf. [10[ [27] I48j for more 



discussion). In particular (2K) f 
and n(- v /— g) = 4, etc. 



A 



r* with n(r* ) = o, r% 



i{W 



Now in the Dirac formulation of a combined relativity plus electromag- 
netism (EM) one arrives at an action (cf. |27j ) 



(2.7) 



I 



W x »Wxn ~ P 2 R + a(3 2 \w\ 2 + (a + 6)(V/3) 2 + 



+2a(3w x d x p + 2A/3 4 + L M 
Then in order to avoid Proca terms Dirac set a 



-gd x 
to arrive at 



(21 



I 



W^Wxn - f3 2 R + 6(V/3) 2 + 2A/3 4 + L 



M 



-gd x 



There is however another approach due to Rosen [48J via an integrable 
Weyl-Dirac theory in which the action is given by (2.9) below and a can 
take arbitrary values (cf. [27] from which we extract). Thus take w v = d v w 
(so W^y = 0) and set (2L) b^ = cd^[log(P)] with W = w + b. In fact we 
could now take w = and still have an integrable Weyl geometry with 
W v = cd u log(f3) (note this is not necessary however). The action becomes 
then 

(2.9) 1=1 J=g~d A x [-P 2 R + (a + 6) (V/3) 2 + 2A/3 4 + L M ] 

(see Remark 2.1 below). 

In |141 [T5| [TBI [18] we considered a conformal map from an Einstein frame 
action (2M) S G r = J d A Xy/=g[R - a(VV>) 2 + 16vrL A /] to a Brans-Dicke 
(BD) form called conformal GR, or CGR, which we specify now after delet- 
ing the Lm and A terms, so that CGR is represented via 

3 N 



(2.10) 



Sgr 



I 



d4 I - 

xy—ge 



-V> 



R 



d A x, 



<f>R- 



a 



3 

a 

2 



CW 



(V0 1 



(here = <j> = exp(ip) = <p )• This is an integrable Weyl geometry 



based originally on g a b = Q g a b, " = exp(ip) = 4> = 4> 



W r 



d a ip 
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d a (j)/(p and a conformal mass in = <p~~ 1 ' 2 m (cf. |8j). Further in can be 
identified with a quantum mass field 9JT ~ j3 from a Bohmian Weyl-Dirac 
theory with a quantum potential Q determined via 9JT 2 = m 2 exp(Q) (cf. 
[El [HI El [53]). Thus SW = /3 = m = (p-^m and Q 2 = 0" 1 = 
9JT 2 /m 2 = /3 2 /m 2 . Now from (2L) for example, given w a already of the form 
w a = —d a tp = d a (f)/(f>, with j3 = mcf) -1 ' 2 , we find that w a = —2d a log{f3). 
This means that one could take w = 0mW = w + b with b a = cd a log(f3) 
in comparing Weyl-Dirac actions. 



REMARK 2.1. Note that, given w c 



-2d a log(/3), if we choose b 



cd a log(f3) with c / 2, then W a = w a + b a = (c — 2)d a log((3) so W^ = 0. 
However no such manipulation is needed since the unadulterated Wey- 
Dirac integrand from [27] (p. 116) is (-/? 2 ~ *£( d jP) 2 ~ ( V /?) 2 ~ ( 5 ^) 2 
and |w| 2 = 4(<9/3) 2 //3 2 ) 



(2.11) -P 2 R + a/3 2 |w| 2 + 2a/3w x d x P + (a + 6)(df3) 2 + +2A/3 4 + L M 



Here |w| 2 = 4(df3/(3) 2 so /3 2 |w| 2 = 4(d/3) 2 and (3w x d x (3 = -2(d(3) 2 so, 
omitting the A and Lm terms, the integrand is 

(2.12) -p 2 R + 4a{d(3) 2 -4a{d(3) 2 + {a + 6){dP) 2 = -(3 2 R+ (cr + 6)(<9/?) 2 

One sees that the 4<r(<9/3) 2 terms cancel. ■ 



Now, following [14], for (2.10) we note first from p3j that (2N) R4)yf^g = 
R(j)^=g~ = ((3 2 /m 2 )R^=g and (20) (3 2 R = f3 2 R - 6(3 2 V x w x + 6/3 2 |w| 2 . 
Hence the first integral in (2.10) takes the form 

(2.13) I x = J <£x^fl)4>R = J d A xyf^gct)R = \ d A Xy/=g~R^ = 



m^ 






/3 2 i?-6/3 2 V A ™ A + 6/3 2 |w| 



and —j3 2 \J\w x = — V \{j3 2 w x ) + 2f3d\w x so the divergence term vanishes 
upon integration and (2.13) becomes 



(2.14) 



h 



o / d^Xy 



f3 2 R + 12p(dxf3)w x + 6/3 2 |w| 



m^ 



d A x, 



f3 2 R + I2((3d x (3) 



-2d x /3\ 



P 



+ 6/3 2 



2d j3 V 



+ 



-6(3 2 



25/3 



in- 



d A x, 



-g(3 2 R 
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The second integral in (2.10) is now [7 = a — (3/2)] 



(2.15) 



h. 



7 Id x 



1 I d xy/^g4> 



[-2813 



V P 



(0)2 

47 

m 2 



d 4 x^(dpf 



Consequently (2.10) becomes 

(2.16) S GR = h + I 2 = \ J d Y .r 



f R _ 4 ( a _ 1 ) (30)2 



This will then represent an integrable Weyl-Dirac theory provided that e.g. 
(2.16) = (2.12) which means that (modulo a factor of (1/m 2 )) we choose 
a + 6 = -4[a - (3/2)] or a = -4a. 

REMARK 2.2 We note that there is a typo in equation (6.7), p. 59 
(and in (3.33), p. 237) in [T4] namely 3 — 4a should be 6 — 4a. Also on pp. 
58-59 and 236-237 one should have = exp(ip) = c/)' 1 = ft 2 = (/3/m) 2 = 
(Wl/m) 2 consistently and Lm should be deleted in (6.6)-(6.7), p. 59 and 
(3.32)-(3.33), p. 237. A multiplier 4> 2 should also be added to (6C) on p. 59 
and to (it) on p. 237. In [15] . on p. 155, line -7, one should change ip to —tp, 
and note that the choice of comparison actions on p. 157, equation (52), 
was too constrained; we should have used the integrable Weyl-Dirac action 
(2.9) above with arbitrary a. Also in [18], p. 157, equation (51) should 
have 6 — 4a and on p. 167, line 13, insert: • • • u in (••) denotes • • • . ■ 

REMARK 2.3. We mention here a related discussion in [40] of quan- 
tum mechanics in connection with Weyl geometry and the Palatini ap- 
proach to gravitation. This is connected to conformal aspects of the Pala- 
tini approach (as in [2j[HJ|49]). We mention also [33] for a related treatment 
of geometry and the quantum. ■ 
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